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Introduction

N this Note, certain aspects of the direct numerical simulation

of those highly compressible turbulent flows that can be de-
scribed by the single-fluid Navier-Stokes equations within the con-
straint of periodic boundary conditions will be discussed. Although
modern theoretical analyses of compressible turbulent flows began
with the work of Moyal,! their direct numerical simulation, by .a
variety -of methods, is much more recent. Here, we will only be
concerned with pseudospectral. Fourier methods; following - the
seminal work of Passot and Pouquet,?. many other authors have
also used these methods, for example, Erlebacher et al.,’ Blaisdell
etal.* Sarkar et al.,” Kida and Orszag,® and Zang et al. 7 :
. These methods can be extended in two ways. First, we describe
a technique -that has proven useful previously®: the governing
equations are cast in a form where the important physical variables
are not the fluid density and temperature directly but rather their
natural Jogarithms; this ensures adherence to a physical constraint
of positive definiteness that may be computationally violated in
nonlogarithmic formulations, leading to numerical instability.?
Second, and of greater novelty, bulk viscosity® is utilized, both to
model polyatomic -gases more accurately and also to ensure nu-
‘merical stability and accuracy in the presence of strong shocks. -

.Basic Equations
Here we will consider polytropic gases, i.e., gases such that the
specific heats and their ratio v = c, /c, are taken to be constants. In
addition, the viscosity p, bulk v1scos1ty U, and thermal conductlv-
ity x will also be assumed to be constant Placing p = p,e ‘and T=
T, € into the gasdynamic equations! yields the basic nondimen-
sional equations in a logarithmic formulation:
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where, T;;=d;u ; + d;u; —2/38,V-u and I = ;] is the unit dyadic.
Also, B = uB /u 1s the rano of bulk to shear v1scosrty Logarithmic
formulations are not uncommon and are useful in various contexts,
e.g., Ref. 12.

Once 1 = 1/Re is set, the other transport coefficients follow
somewhat directly. Since the Prandtl number Pr = yk/iL = 1 and
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since 1 <y < 5/3 for common gases, we see K = L. The value of .,
or equivalently B = U /M, is highly dependent on whether the gas
is polyatomic or not; although monatomic gases have § = 0, poly-
atomic gases range from B= 1 for a1r to B= 30 for molecular hy-
drogen to B = 10° for carbon dioxide.'?

Numerical Method -

A Fourier pseudospectral technique'* is used to numerically
solve Egs. (1-3). In this method, the physical varidbles A, u, and ¢
are expanded in terms of discrete Fourier series, and a third-order
time-integration method is used'*; agam details are presented else-
where.!!

The pseudospectral method as used here, allows the shock
structure to be resolved. This is done by considering cases where 3
= lp/M is large enough so that whatever shocks occur are of a natu-
rally limited steepness’S; for example, the gas under consideration
can be H, (molecular hydrogen) or some mixture containing H,, or
the characteristic length L, can be assumed to be small for an arbi-
trary polyatomic gas. In contrast, numerical solutions of the Euler
equatlons require methods that use shock capturing or shock fit-
ting.!4

To begln a simulation, the 1n1t1a1 values of A, u, and ¢ need to be
spec1ﬁed (but not the boundary conditions, which are periodic).
The initial turbulent velocity is set according to -

lu(k)|* ~ K exp (—2K7/K2) )

where k, is the wave number at which the spectrum peaks; the
phase of the u(k) is initially random. In setting the initial condi-
tions on the velocity, it is useful to decompose it into “incompress-
ible” and “compressible” parts; in terms of Fourier coefficients, the
decomposition is easily affected:

u(k) = u'(k) + ﬁc(k) &)

where the solenoidal (i.e., incompressible) part #° and compress-
ible part u are

k)= A-kk) -uk), u (k) =kk-uk) (6)

and where k is the unit vector in the direction of k. The k = 0 com-
ponent of u® corresponds to the mean flow velocity.

For the moment assume that we have an initially incompressible
flow. Then #° =0 and p = 1 at ¢ = 0; upon taking the divergence of
Eq. (2) and defining T=1 + 7’, we find that the fluctuation T’ ini-
tially satisfies: ‘

_V T = yo, ajufuj = §(x) )

In terms of Fourier coefficients, the temperature fluctuations that
are consistent with the assumption of an initially incompressible
flow are given by

T’ (k) = kK>S (k) (8)

where k > 0. Since T’ (x) > —1 so that T > 0, and since T ~ ylu'l?,
then #° must be scaled accordingly. The mean value of lu'?
(denoted by (Iu 12} is the initial turbulent Mach number squared
M?. The maximum fluctuation of u*1? is larger than M2, and we
expect that max M, ~ y~! in order that the constraint T’ > —1 is
obeyed.

Numerical Resuits

The pseudospectral -logarithmic variable method was imple-
mented in both a two-dimensional code and a three-dimensional -
code. The two-dimensional code was used to examine the passage
of a region of turbulent flow through a shock on a 512% grid,
whereas the three-dimensional code was used to simulate super-
sonic isotropic turbulence on a 643 grid. There were no problems
experienced in any of these simulations (such as conservation of
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Fig. 1 Spanwise averages for pressure and rms vorticity for run
2D512A (B = 10) at ¢ = 0.567.
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Fig. 2 Spanwise averages for pressure and rms vorticity for run
2D512B (B = 30) at £ = 0.567.

energy) as long as the dissipation wave number k, began and
remained less than &,,,.!! Here, only the two-dimensional results
will be discussed.

Consider three of these runs—2D512A, 2D512B, and 2D512C
—that differed initially only in the value of B assigned to each: 10,
30, and 100, respectively; for all three runs, p = 0.001, ¥ = 0.001,
and y= 1.4. The speed of the code was about 6 CPU-s/Af on a Cray
Y-MP; the number of time steps required to run from t =0to t =
0.567 were 5350 for B = 10, 5650 for p = 30, and 15,560 for B =
100. All of the runs began with identical initial conditions, which
consisted of a region of incompressible turbulence satisfying
Eq. (4) with k) = 9 and M, = 0.2 filling the left half of the two-
dimensional grid and a shock wave in the right half of the grid.
Using the shock jump conditions,!” density, temperature, and velo-
city corresponding to a Mach 2 shock were set inside the right half
of the grid, whereas in the left half of the grid the mean density
was {p) =1 and the mean velocity was (i) = 2 (the frame of ref-
erence was such that the shock front was initially stationary and
the turbulent region was moving from left to right into it). At the
edges of the turbulent region, there were transition regions of 20
grid points in the x direction (i.e., the streamwise direction) in
which the interior turbulent velocity field went smoothly to zero.'?
The turbulent temperature fluctuations were determined by Eq. (8).

Similarly, there was a smooth transition from the freestream val-
ues of density, temperature, and velocity to their jump values, and
back again, over the 20 grid points on the outside edges of the
shocked region. Thus, we begin on the leftmost edge of the grid
with freestream values, make a transition into a turbulent region,
make another transition out of the turbulent region back into the
freestream values, and then make a transition into the shocked
region, followed by a transition back to freestream values on the
rightmost edge of the grid. This resulted in a periodic set of initial
conditions that could be treated by a Fourier method. These initial
conditions can be thought of as 1) a one-dimensional Mach 2
shock wave and 2) a localized region of eddy turbulence placed

into the freestream flow (and moving with it) just ahead of the
shock front.

Once evolution began, the front of the shock steepened slightly,
and the density and temperature increased slightly, leading to a
pressure jump ratio of 5 across the shock front (it was initially 4.5).
Based on this pressure ratio, the Mach number of the shock should
have risen to 2.1; the shock front, which would have remained sta-
tionary in the reference frame chosen, was observed to move for-
ward at a relative velocity of 0.1, in accordance with expectations.
During the same time, the back of the initial shock pulse spread
into a rarefaction wave. In these two-dimensional runs, &, started
and remained < k,,, = 256, so that the turbulence was sufficiently
well resolved.

The resolution of the shock front, in turn, gets better with
increasing values of B. (A simulation with § = 1 was attempted,
but the shock quickly steepened beyond the resolution of the code,
resulting in energy nonconservation, although there was no
blowup.) Consider Figs. 1 and 2, where spanwise averages for vor-
ticity and pressure are shown for the two runs for the same time
(¢t = 0.567). In Fig. 1, which corresponds to § = 10, there are some
oscillations in the pressure at the shock front; these oscillations
disappear, however, in Fig. 2, which corresponds to 3 = 30 (the B =
100 case looked very similar).

In Fig. 2, the vorticity jumps by a factor of about 2.5, which is
also the case for Fig. 1, if the initial overshoot is ignored. This is
consistent with linear theory.'*?® The shape of the shocks is also
consistent with the results from previous simulations using essen-
tially nonoscillatory methods.?!

Conclusion

In this paper, two extensions of pseudospectral Fourier methods
for solving the compressible Navier-Stokes equations have been
described. The first involved a “logarithmic variable” formulation
of the basic equations, and the second involved using realistic val-
ues of the ratio of bulk viscosity to shear viscosity. It was demon-
strated that shock structure could be resolved and shock-turbu-
lence interactions could be examined by direct numerical sim-
ulation.

The novel feature of the work presented here is the demonstra-
tion that bulk viscosity can be used to resolve shock structure. This
is useful for realistically modeling shocks in such gases as molecu-
lar hydrogen and carbon dioxide. However, even in the case of
monatomic gases that have small or negligible bulk viscosities, a
large numerical value can serve as an “artificial” bulk viscosity, for
the same reasons that an artificial shear viscosity was introduced
into finite difference methods many years ago.?2 An artificial bulk
viscosity, however, has the benefit that it does not affect the incom-
pressible part of the flow.
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Generalized Vortex Lattice Method
for Oscillating Thin Airfoil in
Subsonic Flow
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Nomenclature
h = nondimensional vertical displacement amplitude
Jo = Bessel’s function of first kind and zero order
K = krM/(1 — M?)
kr = reduced frequency
M = undisturbed flow Mach number
Yo = Besssel’s function of second kind and zero order
g =(Q1-M)*
¢ = perturbation velocity potential jump across airfoil
and wake
wk = complex lift coefficient for unitary amplitude
mm/2 = complex pitch moment coefficient, about

midchord, for unitary amplitude
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Superscripts

! = real part of k and m

” = imaginary part of k and m
Subscripts

a = relative to heaving motion
b = relative to pitching motion

Introduction

ESPITE the wide attention paid to the important prob-

lem of a harmonically oscillating thin airfoil in a sub-
sonic flow, 12 the panel method approach,’ or even its simplest
variant, namely, the vortex lattice method, has been used only
recently for the problem solution. The reason for this may be
attributed to the fact that, when solving the problem for the
velocity potential, the wake must explicitly be taken in ac-
count. Another reason may be the already wide accumulation
of knowledge of singular kernels which occurs when accelera-
tion potential formulations are made, as in Possio’s integral
equation.?

Except for approximated solutions,* it appears that numeri-
cal methods are the only tools which may be employed to solve
the high frequency and Mach number cases without significant
losses in precision and in a sufficiently general way.

In the present work, the generalized vortex lattice method?
is applied to the two-dimensional case of harmonically oscil-
lating flat plate in a subsonic flow. Two modes of motion have
been considered, namely, the pitching and heaving modes.

The reasons the present method is called a generalized vor-
tex lattice will be presented, qualitatively, in the next section.
For a complete discussion about the method the reader is
referred t(/) Ref. 5.

Mathematical Model and Its Integral Equation

A two-dimensional flat plate in small pitching and heaving
harmonic motion is considered in an otherwise steady sub-
sonic flow which streams along the positive X-axis direction.

The undisturbed flow velocity and reference length (semi-
chord) are made unitary. In this case the linearized equation
and boundary conditions for the perturbation velocity poten-
tial can be reduced to the following system of equations®*:

—+ = +K%$=0 (1)

¢ = exp( — iIKMX)/ B<—g—§; + ikrh>

Z
-1l=X=<1 (2a)
iK 96¢
M6¢+6X 0, (20)

Equation (2a) is applied on flat plate surface and Eq. (2b) over
the wake.

Solving Eq. (1) for ¢, the nondimensional pressure coeffi-
cient for profile and wake is obtained from

C, = — 2 exp(lKMX )<% b+ g—;) 3)

It is worthwhile to note that Eq. (2b) results from the
application of Eq. (3) to both sides of the wake and then
imposing pressure continuity. At the trailing edge, X = 1, Eq.
(2b) also assures the Kutta condition.

The integral equation that relates the velocity potential
jump across the flat plate and wake to the velocity potential in
an arbitrary field point can be expressed as’

1= 3 '
bp= — ZS 1 o¢ n [D(KR)] dX &)



